We have measured the diameters of the Cepheid variables δ Cephei (18 nights) and η Aquilae (11 nights) with the Navy Prototype Optical Interferometer. The primary results of these observations are the mean angular diameters θ LD of these Cepheids: 1.520 ± 0.014 milliseconds of arc (mas) for δ Cep and 1.69 ± 0.04 mas for η Aql. We also report limb-darkened diameters for the check stars in this program: for β Lac, θ LD = 1.909 ± 0.011 mas, and for 12 Aql, θ LD = 2.418 ± 0.010 mas. When combined with radius estimates from period-radius relations in the literature, the Cepheid angular diameters suggest distances slightly smaller than, but still consistent with, the Hipparcos distances. Pulsations are weakly detected at a level of ∼ 1.5σ to 2σ for both Cepheids.
Introduction
Cepheid variables represent the first step on the extragalactic distance scale. But precise measurements of the distances to individual Cepheids are difficult. Trigonometric parallax uncertainties for even the nearest Cepheids are large: the Hipparcos parallaxes π Hip are 3.32 ± 0.58 mas The first interferometric determination of the diameter of a Cepheid is that of Mourard et al. (1997) . They reported a mean limb-darkened diameter of 1.63±0.19 mas for δ Cep, but the precision of the diameters on individual nights was insufficient to detect the pulsation. We report here on measurements of δ Cep (P = 5.366316 d; Moffett & Barnes 1985) and η Aql (P = 7.176726 d; Szabados 1991) with the Navy Prototype Optical Interferometer (NPOI). 5 Preliminary results for these stars and for the check star β Lac were reported by Nordgren et al. (1999) . The precision of these measurements is an improvement over the previous results; however, the pulsation is only weakly seen, and the distances derived from the amplitude of the diameter variation are of low precision. Even so, the mean diameters, combined with the radii derived from the surface brightness and radial velocity curves, can produce distance estimates. Mean diameters of the Cepheids ζ Gem and α UMi, with comparisons of the four NPOI-measured Cepheids to period-radius and periodmass relations in the literature, are given in a companion paper (Nordgren et al. 2000) .
Observations
We observed δ Cep and η Aql with the east, center, and west (E, C, W) elements of the astrometric array of the NPOI between 1997 July and 1998 October. The baseline lengths were 37.5 m, 22.2 m, and 18.9 m at azimuths of −67.
• 5, 63.
• 6, and 86.
• 0 (EW, CW, and CE). Each baseline produces squared fringe visibilities V 2 λ in 32 channels covering the λλ850 − 450 nm range, although the sensitivity blueward of ∼ λ550 nm is low. For the results reported here, we used data in the reddest 13 channels, covering the λλ850 − 600 nm range. We removed a small number of spectral channels with bad detectors, as well as the channel contaminated by the HeNe delay-line metrology laser. The NPOI is described in detail by Armstrong et al. (1998) .
We chose an unresolved star close in position to each Cepheid to act as a visibility calibrator:
5 The Navy Prototype Optical Interferometer is a joint project of the Naval Research Laboratory and the U.S. Naval Observatory, in cooperation with Lowell Observatory, and is funded by the Office of Naval Research and the Oceanographer of the Navy.
α Lac with an estimated diameter of 0.5 mas for δ Cep, and λ Aql (0.5 mas) for η Aql. In addition, we observed β Lac, a ∼ 1.9 mas star 6.
• 3 from δ Cep, and 12 Aql, a ∼ 2.4 mas star 9.
• 9 from η Aql, as check stars for observations in 1998 July and later. Each night's observing list consisted of ∼ 10 − 15 stars, including the Cepheids, their calibrators, and the check stars. We placed each Cepheid, its calibrator, and its check star consecutively in the observing list to minimize changes in observing conditions during the sequence. Typical intervals between successive 90 s scans on the same star were 15 − 45 min. The check star-calibrator separations, β Lac-α Lac and 12 Aql-λ Aql are 2.
• 2 and 1.
• 1, respectively; however, the Cepheid-calibrator separations, δ Cep-α Lac and η Aql-λ Aql, are considerably larger, at 8.
• 1 and 8.
• 9, respectively. In Tables 1 and 2 , we list the date of observation, the mean phase, the number of scans, the diameter, and the estimated error for each night (see §3.3 for a discussion of the determination of the uncertainties). For the two Cepheids, Tables 1 and 2 also show the best-fit mean diameters to a pulsating model, assuming a phase shift ∆φ v = 0 between variations in the NPOI diameters and variations derived from the radial velocities (see §5). These diameters are not the means of the measured diameters because our phase coverage is not uniform.
Data Reduction

Angular Diameters
We modeled the Cepheids and the check stars as limb-darkened disks, using (Brown et al. 1974 )
where u λ is the projected interferometer baseline vector in the u, v plane at wavelength λ, and where α = 1 − x λ and β = x λ , with x λ as the linear limb-darkening coefficient. J 1 and J 3/2 are the Bessel functions of the first kind and of the first and three-halves orders. We then fit θ LD to the data from each night using Eq. (1) and obtained a preliminary uncertainty estimate from the fit.
We took the limb darkening coefficients from Van Hamme (1993) , where they are tabulated as functions of T eff and log g. For the Cepheids, we estimated log g as a function of phase from the mean log g of Hindsley & Bell (1989) , modified by the acceleration inferred by the radial velocity curves of Butler (1993) and Shane (1958) for δ Cep and the radial velocity curves of Evans (1976) and Jacobsen & Wallerstein (1981) for η Aql. For the check stars, we took log g = 2.97 for β Lac and log g = 2.75 for 12 Aql (McWilliam 1990) .
The route to an estimate of T eff as a function of phase for the Cepheids is a bit more roundabout. We used the T eff vs. (V − K) 0 relation of Blackwell & Lynas-Gray (1994) . The (V − K) 0 data were derived from spline fits to the V and K photometry of Barnes et al. (1997) , from which we generated (V − K) at the phases of our observations. To deredden V , we used A V /E(B − V ) = R V = 3.46 Table 5 (Evans & Jiang 1993) with E B−V = 0.092 for δ Cep and 0.149 for η Aql. To deredden K, we used (Evans & Jiang 1993 ) with E V −K = 0.28 for δ Cep and 0.46 for η Aql. For the check stars, we took T eff = 4710 for β Lac and T eff = 4600 for 12 Aql (McWilliam 1990) .
Neither the choice of T eff nor of log g is critical. The derived diameter is only weakly dependent on temperature (dθ LD /dT ≈ 0.01 µas/deg between 5000 K and 7000 K) or gravity (dθ LD /d(log g) ≈ 4.5 µas per unit change in log g).
We estimated the mean diameter for each Cepheid by fitting the set of nightly diameters to a pulsation model whose shape was derived from radial velocity data, as described in §5. The θ LD results reported here are those for models in which the phase shift ∆φ v between the diameter data and the radial velocity data is fixed at zero.
Calibration
Because the Cepheids are only marginally resolved with the array configuration used here, and since the pulsation amplitudes are expected to be only ∼ 10%, the accuracy of the calibration and reduction are critical. We took two approaches to calibrating V 2 λ to investigate the dependence of the results on the calibration technique.
One approach was to treat all nights the same. Under this approach, we calibrated our data using three related techniques. The most direct was to use the calibrator scan nearest in time to calibrate each Cepheid scan. In one refinement, we used a linear interpolation in time between the calibration scans just before and after the Cepheid scan. In a second, we used Gaussian smoothing of the calibration correction with a width of 40 minutes.
The second approach was to calibrate each night differently, keeping the following techniques at our disposal: Gaussian smoothing of the calibration correction, with the smoothing width adjustable over a range of 10 to 80 minutes; fitting a quadratic function of time to the calibrator scans; and fitting a linear function of fringe delay jitter to the calibrator scans. We tried this approach twice: once using only one of these three techniques for any given night, and once using the combination of them that seemed appropriate night by night.
The standard deviation of the mean diameters between calibrations was about 0.02 mas. For the results reported here, we averaged the diameters determined with the various calibrations.
We also varied the bluest spectral channel used in the reduction: increasing the minimum wavelength avoids using the noiser data from the bluest channels, but at the cost of reducing the maximum spatial frequency sampled. We found that the choice of minimum wavelength had very little effect. Tests with one night's data indicated a variation in the derived diameter of δ Cep of only 0.0086 mas between using 13 channels (850 − 600 nm) and using only four channels (850 − 770 nm); between using 13 channels and 10 channels (850 − 650 nm), the difference was 0.0005 mas.
Diameter Uncertainties
Estimating the uncertainties in the nightly diameter measurements of the Cepheids and of the mean diameters of both the Cepheids and the check stars is complicated by the fact that they are dominated not by the signal-to-noise ratio within a given scan, but by variations due to the fact that the calibrator data are taken at different times at different positions on the sky than the Cepheid data. The size of these variations must be measured from the data themselves.
The check star data should be the source of that measurement. But we found that the variations in the Cepheid diameters within a night are larger than those in the check stars. (The Cepheid diameter changes within a night due to pulsation are smaller than the uncertainties.) There are two reasons for this discrepancy. The first is that the Cepheids are smaller than the check stars (∼ 1.5 and 1.7 mas for δ Cep and η Aql, versus ∼ 1.9 and 2.4 mas for β Lac and 12 Aql). The derivative dV 2 /dθ is smaller for small stars, so a given error in V 2 leads to a larger error in θ. The size of this effect can be calculated: the errors in θ are 30% larger for δ Cep than for β Lac, and 55% larger for η Aql than for 12 Aql.
The second reason is that, as noted above, the check stars are closer to the calibrators than are the Cepheids, and should therefore be better calibrated. This effect is harder to quantify, but the residuals after subtracting the best-fit pulsation models (see §5) from the calibrated data suggest an additional increase in diameter uncertainties of ∼ 1.7 and ∼ 5 times for δ Cep and η Aql, respectively, than in their check stars.
Instead of trying to estimate the Cepheid diameter uncertainties from the check star uncertainties, we chose the following method. We started with the estimated uncertainty of the diameter fit to each night's data. We added the standard deviation of the mean diameters among calibration techniques in quadrature. Finally, we scaled the uncertainties thus derived to produce a reduced χ 2 of unity for a fit to the best-fit pulsation models. These uncertainties, which appear in Tables 1  and 2 , thus represent an internally consistent set of error estimates, while the night-to-night variations give a relative measure of the quality of the data. We chose a similar strategy for the check star diameters, scaling their uncertainties to produce a reduced χ 2 of unity for a fit to a constant diameter. Figure 1 presents the nightly diameters of the Cepheids as functions of pulsation phase as calculated from the ephemerides of Moffett & Barnes (1985) for δ Cep and Szabados (1991) for η Aql. It also presents the nightly diameters of the check stars, phased with the same ephemerides as their associated Cepheids, to indicate the stability of the diameter measurements for stars of constant diameter. Note that the uncertainties for the check stars are smaller, as expected. The four panels show δ Cep, its associated check star, β Lac, η Aql, and its check star 12 Aql. The diameters are presented as a function of pulsation phase, using the δ Cep ephemeris of Moffett & Barnes (1985) for δ Cep and β Lac, and the η Aql ephemeris of Szabados (1991) for η Aql and 12 Aql. The horizontal dotted lines represent the mean diameters. The uncertainties for the diameter measurements of the check stars are smaller for two reasons: first, they are larger stars, and hence easier to measure; and second, they are significantly closer to their calibrators than are the Cepheids.
Discussion
Diameters from the IRFM and the Surface Brightness Technique
We checked the angular diameters derived here with those derived from the infrared flux method (IRFM) (Blackwell & Shallis 1977; Blackwell et al. 1990) . Using the more recent conversions from Blackwell & Lynas-Gray (1994) of (V −K) 0 to T eff and to "reduced flux" Φ (see the equation on their p. 903), we calculated the results summarized in Table 3 . The inputs to the IRFM calculation were the intensity mean V 0 and (V − K) 0 derived from our spline fits to the photometry of Barnes et al. (1997) , with the dereddening as described in §3. For δ Cep, these values were 3. m 64 and 1. m 36, respectively, while for η Aql, they were 3. m 40 and 1. m 49.
We estimated the overall uncertainty in θ LD (IRFM) for both stars by combining the uncertainty of 4% estimated for this method by Blackwell & Lynas-Gray (1994) with the sensitivity to errors in E B−V (δ Cep: 0.01 mas for a 0. m 02 error; η Aql: 0.01 mas for a 0. m 01 error), to errors in V 0 (δ Cep: 0.002 mas for a 0. m 01 error; η Aql: 0.003 mas for a 0. m 01 error), and to errors in K 0 (both stars: 0.02 mas for a 0. m 02 error).
We also applied the surface-brightness (S V ) technique, as implemented by Di Benedetto (1998) , to the dereddened Barnes et al. (1997) photometry (see Table 3 ). The overall uncertainty in θ LD (S V ) is based on the 2% uncertainty suggested (but not explicitly stated) by Di Benedetto (1998) and the sensitivity to errors in E B−V (δ Cep: 0.01 mas for a 0. m 02 error; η Aql: 0.01 mas for a 0. m 01 error), in V 0 (both stars: 0.003 mas for a 0. m 01 error), and in K 0 (both stars: 0.02 mas for a 0. m 02 error).
The agreement between our δ Cep results and those of these methods is good: all three diameters agree within the uncertainties, although our diameter is larger than the other two. For η Aql, the agreement is not quite as good. Our diameter agrees within the uncertainties with the IRFM diameter, but is slightly smaller than the S V diameter, implying a slightly greater surface brightness. This work 1.520 ± 0.014 1.69 ± 0.04 IRFM 1.46 ± 0.07 1.77 ± 0.07 Surface brightness 1.50 ± 0.04 1.83 ± 0.05
Distances from Mean Angular Diameters
We may use angular diameter measurements to derive the distances to δ Cep and η Aql in two ways. The first is to use the mean angular diameter in conjunction with estimates of the linear diameter, which are ultimately based on surface brightness techniques. The second is to use the change in angular diameter in conjunction with an estimate of the change in linear diameter derived from radial-velocity measurements. We discuss the first technique here. As we point out in the next section, the pulsations are only weakly detected, so we do not attempt the second method.
If the linear radii of the Cepheids are known from P -R relations, the angular diameters can be used to calculate distances. The P -R relation of Laney & Stobie (1995) yields R = 41.5 ± 1.0R ⊙ for δ Cep. Other values for R are similar, e.g., 43.8 ± 2.9 R ⊙ from the P -R relation of Gieren, Moffett, & Barnes (1999) and 42.4 ± 4.4 R ⊙ from Caccin et al. (1981, CORS) . Ripepi et al. (1997) present a much different result, 52.8 R ⊙ based on a modification of the CORS method. Laney & Stobie (1995) note that there is a scatter of ∼ 12% about the mean radius at fixed period, most of it probably due to uncertainties in the radius displacement curve. If we include that scatter, the Laney & Stobie radius becomes 41.5 ± 5.1 R ⊙ , and the uncertainty is now large enough to include the Gieren, Moffett, & Barnes (1999) and the Caccin et al. (1981) results. Such a mean radius, combined with our mean angular diameter of 1.52 ± 0.014 mas, yields a distance D of 254 ± 30 pc, a distance modulus (m − M ) of 7.02 ± 0.26, and an absolute magnitude M V = −3.38 ± 0.26. These results are all consistent with the Hipparcos parallax, 3.32 ± 0.58 mas.
For η Aql ( θ LD = 1.69±0.04 mas), the Laney & Stobie radius becomes R = 51.6±5.6R ⊙ . The Gieren, Moffett, & Barnes (1999) relation gives 53.5±3.7 R ⊙ ; the Caccin et al. (1981) relation gives 52.0±5.8 R ⊙ ; and Ripepi et al. (1997) give 56.7 R ⊙ . Since the enlarged Laney & Stobie uncertainty includes the other values, we use their radius to obtain D = 284 ± 31 and (m − M ) = 7.26 ± 0.23, which gives M V = −3.86 ± 0.23, where again we have used the reddening described in §2. These too are consistent with the Hipparcos parallax, 2.78 ± 0.91 mas.
The absolute magnitudes derived from R and θ LD can be compared to those derived from the P -L relation of Gieren, Fouqué, & Gómez (1998) , which are −3. m 31 ± 0. m 04 for δ Cep and −3. m 66 ± 0. m 04 for η Aql, and the values derived from the P -L relation of Feast, Pont, & Whitelock (1998) which are −3. m 48 ± 0. m 11 and −3. m 84 ± 0. m 11. The value for δ Cep lies between the two estimates, while the result for η Aql is closer to that of Feast, Pont, & Whitelock. Since the intrinsic scatter is probably ∼ 20% (Gieren, Barnes, & Moffett 1993) , and since these two Cepheids are close together in period, our results do not distinguish between these two P -L relations.
Do We See Pulsations?
If we could determine the pulsation amplitudes θ LD from the present data, we could use the displacement derived from radial-velocity curves to make a direct determination of the distances to the Cepheids, rather than using θ LD and radius estimates. However, the evidence of pulsations in our results is weak, which is not surprising since the fringe spacing of the longest baseline used here is 3.9 mas at the mean observing wavelength of λ700 nm.
To evaluate the evidence for pulsations, we fit the nightly diameters for each Cepheid with a pulsation shape δR(φ) derived from integrating the radial velocity curve using a constant projection factor p. The appropriate value of p depends in part on the type of radial velocity data used (Hindsley & Bell 1986) . For δ Cep, we used p = 1.31 with the velocity data of Shane (1958) , while for η Aql, we used p = 1.33 with the velocity data of Butler, Bell, & Hindsley (1996) .
With the shape held fixed, there are three quantities to adjust: the mean linear radius, the amplitude of the angular diameter variation, and the phase. We parameterized these three with θ LD , D, and ∆φ v , the phase shift of δR(φ) such that a positive value of ∆φ v corresponds to R min preceding the minimum V magnitude. We fit the models using five scenarios: (1) The results of these fits are summarized in Table 4 . The θ LD estimates vary slightly between scenarios because the measurements are not evenly distributed in phase. (To illustrate this effect, imagine that we had four high-quality measurements, three at minimum diameter and one at maximum. The mean diameter for a constant-diameter model would be smaller than the mean diameter for a pulsating model.) The δ Cep models have 15 to 17 degrees of freedom, ν, and the η Aql models have eight to ten. The fact that the best χ 2 tot values are about equal to ν reflects the fact that we have estimated the uncertainties from the data ( §3.3).
The significance of the differences in χ 2 tot can be assessed using an F test, from which we infer that the pulsations appear only at the ∼ 1.5σ to 2σ level for both δ Cep and η Aql. The sizes of the distance uncertainties also reflect the low significance of the pulsations. We feel that this level of significance is insufficient to claim a clear detection, given the importance of such a detection. The χ 2 tot values also imply that any phase shift is also present at only the ∼ 1.5σ level. The θ LD results that we selected for reporting here are those for ∆φ v = 0 because the significance of a phase shift in our data is small.
To improve our chances of detecting the pulsations, we need either longer baselines or an improved understanding of the calibration of the fringe visibilites. Longer baselines at the NPOI will become available in the near future, while efforts to improve the calibration are currently under way. 
Summary
We have used the NPOI to measure the angular diameters of δ Cep and η Aql over the λλ850 − 600 nm wavelength range. The mean angular diameters are 1.520 ± 0.014 mas for δ Cep and 1.69 ± 0.04 mas for η Aql. With the current level of precision in P -R and P -L relations, the small difference in period between these two Cepheids, and the uncertainties in the distances, it is difficult to distinguish between different relations. The distances obtained from the P -R radii and our angular diameters are slightly smaller than, but still consistent with, the Hipparcos distances.
The evidence for Cepheid pulsations in our results is weak, as one would expect for measurements of diameters near the resolution limit of the current configuration of the NPOI. We evaluate the strength of this evidence from the χ 2 tot of fits to a constant diameter and to pulsating models with pulsation shapes derived from integrating radial-velocity curves. The pulsations are only weakly seen in our data, at the ∼ 1.5 to 2σ level.
